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Flat bands with fragile topology through superlattice engineering on single-layer graphene
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Magic-angle twisted bilayer graphene has received a lot of interest due to its flat bands with potentially
nontrivial topology that lead to intricate correlated phases. A spectrum with flat bands, however, does not require
a twist between multiple sheets of two-dimensional materials, but can be realized with an appropriate periodic
potential. Here, we propose the imposition of a tailored potential onto a single graphene layer through local
perturbations that could be created via lithography or adatom manipulation, which also results in an energy
spectrum featuring flat bands. First-principle calculations for an appropriate adatom decoration of graphene
indeed show the presence of flat bands and a symmetry-indicator analysis further reveals the bands’ topological
nature. This nontrivial topology manifests itself in corner-localized states with a filling anomaly as we show
using a tight-binding calculation. Our proposal of a single decorated graphene sheet provides a new versatile
route to study correlated phases in topologically nontrivial, flat band structures.
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I. INTRODUCTION

Engineering the desired functionality of a material through
nanostructuring has proven a powerful approach that is partic-
ularly well suited for two-dimensional (2D) materials. Often,
the goal of such engineering involves shifting spectral weight
to the Fermi level or increasing the coupling of the electrons
to other degrees of freedom such as light for improved opto-
electronic properties [1] or phonons for superconductivity [2].
Nanostructuring can be achieved in a variety of ways: standard
clean-room techniques, such as electron-beam lithography
[3], photolithography, or focused ion-beam lithography [4],
allow to realize patterns of a few nanometers in size.

Moir€ engineering, in other words using the potential land-
scape from a Moir€ lattice that emerges due to a finite twist
angle between two 2D lattices, has attracted a lot of atten-
tion in recent years. This attention stems in large part from
the discovery of extremely flat bands for certain, very small
twist angles, referred to as “magic” angles, in twisted bilayer
graphene (TBG) [5-7]. Ideally, these bands concentrate spec-
tral weight around the Fermi level, are separated by a gap from
other bands in the spectrum, and potentially possess nontriv-
ial topology with intriguing implications for the many-body
ground states [8,9]. Moreover, as a result of the flatness of
these bands the electron-electron coupling becomes the domi-
nant interaction. Consequently, this system shows correlated
insulator states at integer fillings [6] and superconductivity
in between [7,10]. Finally, even quantum anomalous Hall
phases, driven by the strong interactions, have been observed
[11-13].
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More specifically, for a discrete set of angles, the Moiré
pattern creates a commensurate hexagonal supercell and the
electronic structure can be described again in terms of Bloch
states. The superstructure significantly affects the tunneling of
electrons between the two graphene layers and the hybridiza-
tion of electronic states near the two graphene Dirac-cones
results in a decrease of the Fermi velocity at the charge
neutrality point and the formation of nearly flat bands in the
spectrum. The twist angle in bilayer graphene directly controls
the size of the Moiré supercell and thus acts as the tuning
parameter for the band flattening.

Motivated by magic-angle TBG, many more systems were
proposed, where a small twist angle between stacked layers
such as other multilayer graphene heterostructures or transi-
tion metal dichalcogenides, is used to create novel correlated
phases. Furthermore, Moiré engineering on a single Dirac
cone of a topological-insulator surface state was recently dis-
cussed [14,15]. Besides the restriction on the types of periodic
potentials that can be realized with Moiré pattern, however,
producing samples with predefined twist angle and sufficient
homogeneity is a further intricate experimental challenge
[16,17]. There is thus an ongoing search for other systems
with electronic properties similar to the ones of magic-angle
TBG [18-20], but with more control over the design. Such
systems provide novel platforms to study the physics of cor-
related electrons in topologically nontrivial bands.

In this paper, we propose an alternative approach for cre-
ating topologically nontrivial flat bands in a single graphene
sheet by the application of a periodic potential. In particular,
using first-principle calculations, we investigate a single layer
of graphene decorated with a periodic, C¢-symmetric distri-
bution of adatoms [see Fig. 1(a)]. While such an approach
allows for high control over the applied potential through
an adatom superlattice via atom manipulation using scanning
tunneling microscopy [21-23], our principle is amenable also
to artificial graphene [24,25] or engineered lattices [25-27],
and via nanofabrication to graphene [28].
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FIG. 1. System setup and electronic structure. (a) The unit cell consi

sting of a graphene monolayer with adatoms placed in the center of

the unit cell as indicated by the red circle. The lattice vectors (vy, v,) are related to the lattice vectors of pure graphene (a;, a,) by Eq. (1)
with (n, m) = (—1, 2). (b) The Brillouin zone (BZ) of monolayer graphene shown in red and the reduced BZ of our setup depicted in black.
The K and K’ points of graphene map to the I' point in the reduced BZ of the superstructure. (c) For comparison, one of the two BZs of TBG
(in black) tilted with respect to the two BZs of graphene twisted by a small angle (in blue and red). (d) The DFT spectrum of graphene with
tungsten adatoms. Irreducible representations of the bands at high-symmetry points are indicated in the figure (see Appendix B for details).
The right side shows the density of states projected onto the adatom and carbon p, orbitals, respectively.

Within our first-principles calculations, we indeed find flat
bands separated by gaps from other bands in the spectrum
of the system. Employing the recently introduced framework
of topological quantum chemistry [29], we further reveal the
fragile topological nature of these bands. Bands with this type
of topology stand in between strong topological and trivial
phases, based on the topological robustness against addition of
trivial degrees of freedom. Specifically, the main characteris-
tic of bands with fragile topology is that they can be trivialised
by addition of bands permitting an atomic limit below the
Fermi level [29-31].

Systems with fragile topology protected by n-fold rotation
symmetry often feature a filling anomaly: In open boundary
conditions, the system possesses n degenerate in-gap states,
which are only partially occupied at charge neutrality [32-34].
This implies a degeneracy of the many-body ground state
in the thermodynamic limit protected by rotation symmetry.
We illustrate this bulk-boundary correspondence employing a
tight-binding calculation of a Cg-symmetric flake, where the
filling anomaly manifests itself in an excess charge accumu-
lation in the corners of the flake, suitable for experimental
discovery.

II. MODEL SYSTEM AND FLAT BANDS

Conceptually, the electronic structure of both TBG and our
approach can be understood starting from that of a single
layer of graphene. The band structure is characterized by
two Dirac cones around the K and K’ points in the Brillouin
zone (BZ). For TBG with discrete commensurate twist angles,
the resulting periodic superstructure allows for a momentum-
space description in a reduced BZ. As shown in Fig. 1(c),
this reduced BZ can be geometrically constructed directly in
momentum space, by twisting the two original BZs resulting
in a reduced BZ with new K and K’ points stemming from the
K points from the two individual layers, K| and K,. For small
twist angles, the tunneling between the two graphene layers
that hybridizes the bands around K; and K, becomes compa-

rable to the band width of the respective bands in the reduced
BZ, resulting in flat bands over the whole reduced BZs. Note
that there are two time-reversal related BZs, one from the K
and one from the K’ points of the individual graphene layers.
For the small angles required for flat bands, the resulting unit
cell in real space contains thousands of carbon atoms.

Inspired by the construction in TBG, we build in the fol-
lowing flat bands starting again from a single graphene sheet,
but enlarging the unit cell using nanostructuring. We consider
a superlattice potential arising from adatoms placed in the hol-
low sites (H) of the graphene lattice, meaning in the center of
the C hexagon, with a periodicity described by the superlattice
vectors v and v,, [see Fig. 1(a)]. In consequence and contrast
to the TBG case, we therefore only have a single original K
and K’ point and thus a single reduced BZ. We choose the su-
perlattice vectors in such a way that both K and K’ are mapped
to the I" point of the reduced BZ. Crucially, this allows for a
strong hybridization of the original with the adatom bands.
The lattice vectors leading to such a configuration are given
by

ey

where n, m € Z,a,, and a, are the lattice vectors for graphene,
and v, is related to v; by a 60-degrees rotation. For con-
creteness, we use in the following (n,m) = (—1,2). The
BZ resulting from this construction is shown in Fig. 1(b).
As a guiding principle, we choose nonmagnetic transition-
metal adatoms, which, as we will discuss below, generically
lead to flat bands that are topologically nontrivial due to
their d orbitals. We further require the candidate adatoms
to be sufficiently stable at the H site [35]. As a figure of
merit, we consider the ratio of spectral gap to the closest
C-based bands and the band width. Finally focusing on sit-
uations, where the flat bands are separated from other bands
related to the adatoms, these guiding principles result in a
set of most promising adatoms: W, Ta, and Ru. Figure 1(d)
shows the band structure that results from the above con-
struction with tungsten adatoms obtained using first-principles

vy =na; + Bm+ n)a,,
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TABLE I. Summary of adatoms placed in H sites and that form flat bands, featuring fragile topology with band width and spectral gap to

the nearest C bands indicated.

Element W Ir Cr Mo Rh Ta Ru Re Os Nb
Width [eV] 0.26 0.56 0.21 0.30 0.39 0.27 0.28 0.24 0.30 0.30
Gap [eV] 0.34 0.26 0.26 0.36 0.30 0.31 0.38 0.39 0.37 0.33

calculations (see Appendix B for details). For these calcula-
tions, the graphene lattice is oriented in the x-y plane and the
tungsten atoms are relaxed to their equilibrium position in z
direction over the H site. For completeness, Table I summa-
rizes the band width and gaps to the nearest C-based bands of
tungsten and all other considered adatoms (see Fig. 5 for their
corresponding DFT spectra).

In the following we focus on the flat bands highlighted in
Fig. 1(d), assuming that the chemical potential through the
graphene channel can be directly controlled by back gating
[36]. The orbital-projected density of states on the right side
of Fig. 1(d) shows that these flat bands are originating from
the hybridization of the C p, orbitals of graphene and the
dy. y. orbitals of tungsten. As we will discuss in the following,
this is crucial for the topological properties and needs to be
taken into account when constructing a minimal tight-binding
model.

III. TOPOLOGICAL PROPERTIES

To examine the topological properties of the flat bands
constructed by the superlattice, we employ a symmetry anal-
ysis within the context of topological quantum chemistry
[29]. This analysis requires the transformation properties
of the wave functions that make up the flat bands at the
I' and the M points. While the decorated graphene lattice
retains the Cg symmetry of graphene, all mirror symmetries
are broken by the adatom arrangement, such that, including
translations, our system reduces to Py space-group symmetry.
For the situation shown in Fig. 1(d), the flat bands highlighted
with yellow transform as I'; and I's at the I" point and M, at
the M point (see Appendix B for details). Such a combination
of irreducible representations cannot arise from an atomic
limit of exponentially-localized Wannier functions [37-39],
implying that the bands are indeed topological. Following the
terminology introduced in this context, these bands do not
form an elementary band representation (EBR).

While the flat bands cannot be adiabatically connected
to an atomic limit, they can be written as a difference be-
tween two EBRs (with integer coefficients), which indicates
the fragile nature of their topology [40,41]. In particular, the
bands can be expressed as the difference FT = AL; — AL,
where ALl = [Fl ($5) F3F5, Ml ($5) 2M2] and AL2 = [Fl @Ml]
are two sets of band representations forming an EBR. This
feature distinguishes the current case from a strong topologi-
cal phase, which cannot be trivialised by adding trivial degrees
of freedom.

Note that the eigenvalues at I' and M [in particular, the C,
eigenvalues associated with these irreducible representations
are ac,(I") = +1 and a¢, (M) = —1] can be understood by
inspecting the orbital content of the bands in Fig. 1(d): At the
I" point, the bands stem from p, orbitals, while at the M point,

the bands originate from d,,; and d,, orbitals. The p.-d,./d,,
hybridization is thus the crucial ingredient for the formation
of bands with nontrivial topology and needs to be included in
a microscopic model, as examined further below.

Unlike strong topological phases, which are characterized
by topological edge states due to the bulk-boundary cor-
respondence, bands with fragile topology protected by C,
symmetry can exhibit a filling anomaly. This topological fea-
ture describes the situation, when a mismatch exists between
the number of electrons required to simultaneously satisfy
charge neutrality, a unique ground state in open boundary
conditions, and the crystalline symmetry. In the spectrum, n
degenerate states associated with the filling anomaly appear
in the gap with n/2 states occupied for charge neutrality. In
our case, adding one more electron will lead to a quantized
excess charge of ¢/6 in each corner of the flake [32].

To investigate the appearance of this type of bulk-boundary
correspondence associated with the fragile topology of the flat
bands, we introduce a tight-binding model starting from the C
p. and the transition-metal d orbitals (see Appendix A). Such
a model allows for the simulation of any open geometry, such
as the ones shown in Fig. 2. Before investigating this finite
system further, we note that for appropriate parameters, the

(a)

X

FIG. 2. Tight-binding calculations for open geometries. (a) The
geometry of Cg-symmetric flake with the number of the unit cells
N, = 61. (b) Band structure of the tight-binding model (in blue)
with flat bands highlighted in yellow and C,-symmetry eigenvalues
at I' and M points indicating the topological nature of the bands.
The spectrum for the flake (in red) shows in-gap states around the
energy indicated by the dashed green line. (c) The unit cell of the
ribbon geometry. (d) The spectrum for the ribbon geometry (in blue)
shows a small gap around the energy indicated in green. In the flake
geometry, there are six additional states that lie in this gap (in red).
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FIG. 3. Corner-localized in-gap states. (a) The spatial distribu-
tion of the absolute values squared of the eigenvectors corresponding
to the in-gap states for Cs-symmetric graphene flake shown in
Fig. 2(a) with N, = 331. (b) Line profile of the local density of states
at the bound state, integrated along the blue and red lines given in (a).
Dashed red line indicates exponential fit. (c) Finite-size scaling of the
in-gap states showing their degeneracy in the thermodynamic limit.
An arrow indicates the states with spatial distribution given in (a).

tight-binding model indeed yields flat bands with the correct
irreducible representations as discussed above and shown in
Fig. 2.

The example of the Cs-symmetric flake in Fig. 2(a) leads
to the spectrum in panel (b) with the spectrum of the trans-
lationally invariant system added for comparison. Indeed, we
find in-gap states, though, more states than the six anticipated
from fragile topology. We can understand the origin of these
additional states considering a ribbon geometry as shown in
Fig. 2(c). As can be seen in Fig. 2(d), most of the in-gap
states are associated with edge states, which are, however,
not completely gapless. These states are connected to an only
weakly-broken mirror symmetry perpendicular to the open
direction in the ribbon geometry. In the hybridization gap
of these edge states, we find six in-gap states for the flake
geometry, which we attribute to the fragile topology of the
system.

Figure 3(a) shows the contribution of these six in-gap states
to the local density of states of the flake geometry. Their
dominant spectral weight is localized at the corners of the
flake, as further emphasized in Fig. 3(b), which shows the
unit-cell-averaged weight of the wave functions of the states in
the gap along the edge. Relevant to their experimental discov-
ery is an exponentially decaying LDOS towards the center of
the structure with a characteristic length of 0.292/N,., which
would allow for a distinction with respect to other edge-state
observations. Finally, while the six states associated with the
filling anomaly are not degenerate in a finite geometry, a
finite size scaling [Fig. 3(c)] shows that they indeed become
degenerate in the thermodynamic limit. As such, panel (c) in
Fig. 3 serves as a useful guide for how the degeneracy of the
corner-localized gap states evolves in the gradual buildup of
such a structure.

IV. DISCUSSION

The system we propose here is conceptually simple, yet
features intriguing topological properties. We demonstrated

how the fragile topology manifests itself through a filling
anomaly, which can be mapped with a local scanning probe. In
addition to the finite geometries that are required to probe the
corner-localized states, our approach allows for more design
freedom. In particular, while we focused here on a superstruc-
ture with Ps symmetry, any subgroup of the graphene space
group Ps/mmm can be realized by choosing the appropriate
superlattice vectors. Furthermore, defects in the lattice, which
are a distinct way of probing topological bands, can be readily
implemented by the deliberate addition or removal of atoms.
Our ideas of engineering topologically nontrivial flat bands
through nanostructuring go beyond the periodic decoration of
graphene with adatoms. A further promising route towards
their realization can be based on artificial graphene, for exam-
ple using scanning-tunneling-microscopic methods to arrange
CO molecules on a Cu(111) surface [24]. Finally, in view of
the required nanometer periodicity, we expect that graphene
sheets could even be engineered by lithography techniques.
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APPENDIX A: TIGHT-BINDING MODEL

To study low-energy properties of the described sys-
tem, we build a minimal tight-binding model. For (n, m) =
(—1,2), we have to include 42 p, orbitals and 4 d orbitals
of the transition-metal adatom in the unit cell, which in a
nearest-neighbour approximation give rise to the following

dxz—y2 dxy
e [ e [
—yl2 Y2 —\/57/2 \/gy/Z
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o o o o
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FIG. 4. The values of the hopping parameters between four dif-
ferent d orbitals of adatom shown in the center of each hexagon and
the nearest p, orbitals of graphene.
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FIG. 5. DFT band structures. The DFT band structure with indicated irreducible representations at I' and M momenta and highlighted flat
bands featuring fragile topology for the following adatoms: Mo, Nb, Ru, Cr, Os, Re, Ir, Ta, and Rh.

tight-binding model:

==t (cfe;+He)+ Y (ajdlic; +He), (Al
(i, ]) o, (i, J)
where c(T) d, (T) correspond to creation and annihilation of p,

and d 0rb1tals, respectively, with @ € {xy, X2 — y2, xz, yz} and
the hopping parameters 7, ;, which depend on the type of
d orbital and can be simplified by taking into account local
symmetries of the lattice.

Locally around the position of the adatom, the unit cell is
invariant under mirror symmetry M, and Ce rotation repre-
sented by

Co

—_— o OO oo

. (A2)

[eNeoNeNeNel
[cloloNeol =
S OO~ OO
SO = O OO
O = OO OO

where
cosZ  sinZE
sz — ( 26 )
—sinZ  cos Z
cos? — sin®(&) 2 cos 2 sin &
N 2 cos 2= sin 2g cos (Zg ) — sin? (%”)
0O 0 0 0 O 1
0O 0 0 O 1 O
0O 0 0 1 0 O 0
0O 0 1 0 0 O
0O 1 0 0 0 O
Me=17 "0 0 0 0 o0
1
0 -1 1
—1
(A3)

The part of the Hamiltonian corresponding to the hoppings
within the central hexagon including four d orbitals in the

L032003-5



ANASTASIIA SKURATIVSKA et al.

PHYSICAL REVIEW RESEARCH 3, L032003 (2021)

center and six nearest p, orbitals surrounding them is given
by the matrix

t ifi, j = {1, 6},
H; = {f,; ifi={1,6},j=1{7,10}and vice versa, (A4)
0 ifi, j = {7, 10},

with unknown hopping parameters 7, ;, which can be ex-
pressed in terms of only two parameters y and § using the
following set of equations provided by the symmetry con-
straints

CeH;Cy = H;

MHM]' = H;. (A5)

The results are summarised in Fig. 4.

APPENDIX B: FIRST-PRINCIPLES CALCULATIONS

We performed first-principles calculations within the den-
sity functional theory (DFT) framework using the VASP
package [42], employing the projector-augmented wave

method [43,44] and the Perdew-Burke-Ernzerhof generalized-
gradient approximation (GGA-PBE) [45] for the exchange-
correlation energy. We employ the following scheme consist-
ing of two steps: In a first step, we perform self-consistent
DFT calculations on a 6 x 6 x 1 grid in momentum space
with fixed in-plane atomic positions and allow for the lattice
relaxation in the out-of plane direction. In this way, we find
the distance between the graphene lattice and adatom, which
minimises the total energy and we get the corresponding
charge-density profile. In the second step, we use this charge
density to perform nonself-consistent calculations along the
I' = K — M — T path in momentum space to obtain the band
structure plots. Note that the calculations do not include
spin-orbit coupling. The irreducible representations were de-
termined using the IrRep code [46] and given in the notation
of the Bilbao Crystallographic Server [47].

Performing these calculations for different chemical ele-
ments we find a set of elements, which give rise to flat bands
with fragile topology (see Fig. 5). In Table I we summarize
the results of DFT calculations for a set of adatoms, which
show similar behavior of the band structure to what has been
presented in the main text.
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